In this paper we characterize the projective modules over an arbitrary quantale, and then we apply such a characterization in order to define the K0 group of a quantale. Then we study congruences of quantales and quantale modules by means of their ideals and of saturated elements w.r.t. a binary relation.
Introduction
Since their introduction, in connection with the theory of C * -algebras [13] , quantales proved to be extremely useful in various areas of pure and applied mathematics.
Although they are very often studied in connection with non-commutative topology (see, e.g., [3] [4] [5] 7] ), in the last decades quantales are appearing more and more in other areas' literature. For example, Abramsky and Vickers introduced the concepts of observational logic and process semantics, and the algebraic notion of quantale module [1] ; later on, quantales and quantale modules were used in the study of algebraic and logical foundations of Quantum Mechanics [1, 12, 16] . In [19] , the author presented, as an application, an approach to data compression algorithms by means of quantale module homomorphisms.
For what concerns Mathematical Logic, Yetter [23] proved the connection of quantales with Girard's Linear Logic [10] and, in recent years, a quantaletheoretic approach to propositional deductive systems has been developed [9, 18, 20] , starting from the observation that any propositional deductive system can be represented as a quantale module.
However, despite of their multiple applications, the first systematic studies on the categories of quantale modules are rather recent [18] [19] [20] [21] . On the other
Preliminaries
Before introducing quantales we recall that the category SL of sup-lattices has complete lattices as objects and maps preserving arbitrary joins as morphisms. The bottom element of a sup-lattice shall be denoted by ⊥ and the top element by ⊤. We also recall that any sup-lattice morphism obviously preserve the bottom element while it may not preserve the top. A quantale Q commutative if so is the multiplication. Q is said to be unital if there exists 1 ∈ Q such that Q, ·, 1 is a monoid. A unital quantale is called integral if 1 = ⊤. The morphisms in the category Q of (all) quantales are maps that are simultaneously sup-lattice and semigroup homomorphisms. In the category Q u of unital quantales the morphisms must also preserve the unit; in order to underline this fact we will use the notation Q, , ·, 1 for unital quantales. (M2) the external product is distributive with respect to arbitrary joins in both coordinates, i.e.
(i) for all a ∈ Q and X ⊆ M , a *
In the case of non-unital quantales a left module is a sup-lattice with a scalar multiplication satisfying (M1) and (M2). Right modules are defined in the usual way. Moreover, if R is another quantale, a sup-lattice M is a Q-R-bimodule if it is a left Q module, a right R-module, and in addition (a * Q v) * R a ′ = a * Q (v * R a ′ ) for all a ∈ Q, a ′ ∈ R, and v ∈ M .
Condition (M2) is equivalent to the following one.
(M2) The scalar multiplication is residuated in both arguments (with respect to the lattice order in M ), i.e. the maps
are residuated for all a ∈ Q and v ∈ M respectively.
The proof of the following proposition is straightforward from the definitions of * , \ * and * / and from the properties of quantales; however, it can be found in [9] . Proposition 1.3. For any unital quantale Q and any Q-module M , the following hold.
(i) The operation * is order-preserving in both coordinates.
(ii) The operations \ * and * / preserve meets in the numerator; moreover, they convert joins in the denominator into meets. In particular, thew are both order-preserving in the numerator and order reversing in the denominator.
Note that some of the above inequalities are in M and some are in Q but we used the same symbol for both. This will happen often throughout the paper since we can rely on the context telling the two relations apart. Remark 1.4. Henceforth, in all the definitions and results that can be stated both for left and right modules, we will refer generically to "modules" -without specifying left or right -and we will use the notations of left modules.
Given two Q-modules M and N , and a map f : M −→ N , f is a Qmodule homomorphism if it is a sup-lattice homomorphism that preserves the scalar multiplication. For any quantale Q we shall denote by Q-Mod and Mod -Q respectively the categories of left Q-modules and right Q-modules with the corresponding homomorphisms. Moreover, if R is another quantale Q-Mod-R shall denote the category whose objects are Q-R-bimodules and morphisms are maps which are simultaneously left Q-module morphisms and right R-module morphisms.
For the basic properties of quantales and their modules we refer the reader respectively to [11, 13, 14, 17] and to [11, 18, 19, 21] . In particular, we recall the following well-known facts, whose proofs can all be found in [11, Sections 1 and 2]. (b) For any set X, the free quantale (respectively: unital quantale) over X is the powerset of the free semigroup (resp.: free monoid) over X, equipped with the singleton map, with set-theoretic union as join and the product defined by Y · Z := {yz | y ∈ Y, z ∈ Z}.
(c) For any unital quantale Q and for any set X, the free (left) Q-module over X is the function module Q X , equipped with the map
with pointwise join and scalar multiplication.
(d) For any non-unital quantale Q, the free (left) Q-module over X is precisely the free (left) module over Q [e] .
(e) The categories Q, Q u , Q-Mod and Mod -Q (for any Q in Q or Q u ) are algebraic categories.
For the sake of completeness, we briefly recall the construction presented in [11, Lemma 1.1.11], which proves the (a) of Proposition 1.5. Given a quantale Q, let Q[e] be defined as follows:
Then the embedding of
It is well-known that sup-lattice homomorphisms are precisely the residuated maps. So, given two Q-modules M and N , a map f : M −→ N is a homomorphism if and only if it is a residuated map that preserves the scalar multiplication. In addition, let us recall that for any sup-lattice M, the structure M op := M, is again a sup-lattice (w.r.t. to the dual order ≥) and, if M is a left (respectively: right) Q-module with scalar multiplication * , then M op is a right (resp.: left) Q-module with scalar multiplication \ * . Such a correspondence, together with the properties of residuated maps and operations, immediately gives the following relevant property (see also [1, Section 5] ). Proposition 1.6. For any quantale Q the categories Q-Mod and Mod-Q are dually isomorphic.
Let M and N be Q-modules. The set hom Q (M, N ) of the Q-module morphisms from M to N is naturally equipped with a sup-lattice structure defined pointwise. Moreover, if Q is commutative, hom Q (M, N ) becomes a Q-module with the scalar multiplication • defined, for all a ∈ Q and h ∈ hom Q (M, N ), by
Remark 1.7. In the present paper we are mainly intersted in unital quantales and their modules. However, some of the results that we present here either hold for all quantales or can be suitably reformulated and proved in the general setting by means of (a), (b) and (d) of Proposition 1.5.
In order to keep notations as light as possible, in the rest of the paper we shall always deal with unital quantales and their modules without explicitly repeating it all the times. At the end of each section we shall discuss the extensions of the results presented to all quantales, whenever needed.
Projective quantale modules and K 0 group of a quantale
In what follows, for any subset S of Q X , we shall denote by Q · S the submodule of Q X generated by S. Let Q ∈ Q u and X, Y be non-empty sets and let us consider the free Qmodules Q X and Q Y . We recall from [19] that, for any k ∈ Q X×Y , the
Its inverse transform
Remark 2.1. Recalling that we are using the notations of left modules, we observe that, if we consider Q X and Q Y as right modules, the direct and inverse transforms are defined respectively by h k f (y) = x∈X k(x, y) · f (x) and λ k g(x) = y∈Y k(x, y)\g(y).
Up to a suitable reformulation, all the results we will present hold for both left and right modules. 
Let us now consider the case of endomorphisms of a given free Q-module. The set End Q (Q X ) has a natural structure of quantale with the pointwise join, the product of endomorphisms defined as the composition in the reverse order
, and the identity of Q X as unit. Furthermore, we set M X (Q) to be the structure Q X×X , , ⋆, id , where
• is the pointwise join,
It is immediate to verify that M X (Q) is a quantale; moreover the following result holds.
Theorem 2.3. For any quantale Q and any non-empty set X the quantales M X (Q) and End Q (Q X ) are isomorphic.
Proof. By [19, Theorem 5.19] , the map η :
is a sup-lattice isomorphism, so we just need to prove that η preserves the monoid structure.
First, it can be immediately observed that η(id) = id Q X . Now, given a map
for all k, l ∈ M X (Q) and f ∈ Q X . Therefore η is a quantale isomorphism.
Thanks to Theorem 2.3 we can now give a characterization of projective objects in the category Q-Mod in terms of Q-valued maps.
Theorem 2.4. Let M be Q-module and X ⊆ M be a set of generators for M . M is projective if and only if there exists a multiplicatively idempotent element
Proof. Let M be projective. Since X is a generating set for M and Q X is free over X, M is a retract of Q X . More precisely, the identity map of X can be extended to a unique Q-module homomorphism π : Q X −→ M which is obviously onto. Then the projectivity of M implies the existence of a morphism µ : M −→ Q X such that π • µ = id M , and µ must be injective. So, if we set
. So h k is a retraction whose corresponding section is the inclusion map. Hence, for any element
It follows that the inclusion map of Q · {k(x, − )} x∈X in Q X is a section whose corresponding retraction is h k . Then Q · {k(x, − )} x∈X is a retract of a free module and therefore is projective.
It is immediate to see that finitely generated projective modules over a given quantale Q, , ·, 1 coincide with finitely generated projective semimodules over the idempotent semiring Q, ∨, ·, ⊥, 1 [8] . More precisely, every finitely generated semimodule M over Q is complete and the external multiplication over it distributes over arbitrary joins both in M and Q, hence M is also a quantale module, with the same finite generating set, and is projective because Theorem 2.4, in that case, restricts to the analogous characterization presented in [8] . Reciprocally, every finitely generated projective Q-module is a finitely generated projective Q-semimodule, with the same generating set. Moreover, products and coproducts of finitely many quantale modules and of finitely many semimodules over semirings are constructed exactly in the same way. As a consequence, the construction of the Grothendieck group of a semiring, presented in [8, Section 6], immediately extends to quantales.
So we have We define the Grothendieck group of a quantale Q to be the factor group J/H and denote it by K 0 Q. Theorem 2.6. K 0 is a functor from Q u to G Ab .
Theorems 2.2 and 2.3 hold for non-unital quantales too, but it is important to underline that, if Q is a non-unital quantale, then the free modules over Q coincide with the free modules over the unital quantale Q[e], exactly as in the case of ring modules. So, both the results can be stated and proved for the (nonfree) modules of type Q X as well as for the free Q-modules Q[e] X , by suitably using Q or Q[e].
Regarding the rest of the section, in the case of non-unital quantales, again, projective objects of Q-Mod coincide with those of Q[e]-Mod, and therefore everything works the same way and the K 0 group of a non-unital quantale Q coincide with the one of Q[e].
Ideals and congruences of quantale modules
In this section we shall introduce ideals of quantale modules. Once observed that the ⊥-class of a module congruence is an ideal, we will show that, given a module M and an ideal I of it, it is possible to define in a canonical way a congruence whose ⊥-class is the given ideal, and that such a congruence is not unique in general. It is, indeed, the largest congruence with that property.
(ii) v ∈ I and w ≤ v imply w ∈ I,
By (i), since ∅ ⊆ I, ⊥ = ∅ ∈ I for any ideal I; in addition, both M and {⊥} are ideals.
As usual, for any subset S of a Q-module M , we will denote by (S] the ideal generated by S, i.e., the smallest ideal containing S. An ideal is called principal if it is generated by a singleton; in this case we will write (v] instead of ({v}]. Among other properties, the following result shows that all ideals of quantale modules are indeed principal. (iv) Every Q-ideal of M is principal.
Proof. (i) Obvious. (iii) Let v ∈ M such that ⊤ * v = v. As in the proof of (ii), it is easy to prove that [⊥, v] is a Q-submodule of M and then, by (i), a Q-ideal. The converse also follows from (i).
(iv) It follows immediately from (iii).
(v) Recall that the scalar multiplication on M op is \ * . So, since [⊥, v] is a Q-ideal of M , then ⊤ * v = v and therefore v ≤ ⊤\ * v = {w ∈ M | ⊤ * w ≤ v}. On the other hand, by Proposition 1.3 (ii), ⊤\ * v ≤ 1\ * v = v. Then it follows from (iii) that [⊤, v] op is an ideal of M op .
Definition 3.3. Let Q be a quantale and M a Q-module. An element v ∈ M satisfying condition (iii) of Proposition 3.2, i.e., such that ⊤ * v = v, will be called an ideal element.
Proposition 3.4. Let Q be an integral quantale and let M be a Q-module. Proof. We know that ⊥ ∈ Id(M ). If {i x } x∈X is a family of ideal elements, ⊤ * x∈X i x = x∈X (⊤ * i x ) = x∈X i x , so x∈X i x ∈ Id(M ) and Id(M ) is a sup-sublattice of M . Now let Q be commutative. For any a ∈ Q and i ∈ Id(M ), ⊤ * (a * i) = (⊤a) * i = (a⊤) * i = a * (⊤ * i) = a * i, hence a * i ∈ Id(M ) and the proposition is proved.
It is important to notice that a Q-module does not have necessarily maximal ideals, as the following example shows. Let Q be a quantale and M a Q-module. For any v ∈ M and any Q-ideal I of M , we denote by i v the scalar I * /v. It is easy to see that
Lemma 3.7. Let I be a Q-ideal of M . For all v, w ∈ M , X ⊆ M and a ∈ Q the following properties hold:
v is the supremum of this set. Therefore ai
On the other hand, from 1 ≤ a follows i v = 1i v ≤ ai v , whence the equality. or, that is the same,
is a Q-module congruence and ⊥/θ I = I. Moreover, if θ is a congruence on M such that ⊥/θ = I, then θ ⊆ θ I , that is, θ I is the largest congruence whose class of ⊥ is I.
Proof. Conditions (i) and (iii) of Definition 3.1 follow trivially from the fact that θ is a module congruence; (ii) can be easily proved by observing that v ∈ ⊥/θ and w ≤ v imply w/θ ≤ v/θ = ⊥/θ. For the second part of the theorem, let us show first that the two definitions (3) and (4) 
The relation θ I is obviously an equivalence, thus we must prove only that it preserves the operations. If vθ I w, then i v = i w and, by Proposition 3.7 (v), i a * v = i v /a = i w /a = i a * w , for all r ∈ Q. Hence a * vθ I a * w for all r ∈ Q.
Let now {v x } x∈X and {w x } x∈X be two families of elements of M such that v x θ I w x for all x ∈ X, and let v = x∈X v x and w = x∈X w x . By Proposition 3.7 (iv), i v = x∈X i vx = x∈X i wx = i w ; then x∈X v x θ I x∈X w x . Now, vθ I ⊥ if and only if i v = i ⊥ = ⊤, i. e., if and only if v ∈ I, then ⊥/θ I = I.
Last, we must prove that θ I is the largest congruence such that the congruence class of ⊥ is I. So, let θ be a congruence such that ⊥/θ = I; then, if vθw, i v · wθi v · v ∈ I, namely i v · w ∈ I; analogously we have that i w · v ∈ I, hence vθ I w and the theorem is proved.
The congruence θ I is, in general, not the unique one such that the class of ⊥ is I as the following example (which refers to constructions and results presented in [9] and [18] ) shows.
Example 3.9. Let L be the propositional language {→} and let ⊢ be the substitution invariant consequence relation on P(Fm L ) defined by no axioms and the Modus Ponens α α→β β as the unique inference rule. Then the powerset of the set of theorems (i. e., the congruence class of the empty set) is the singleton of the empty set but, nonetheless, the inference rule makes the consequence relation non-identical. Indeed, for any ϕ, ψ ∈ Fm L , if ϕ = ψ then {ϕ, ϕ → ψ} = {ϕ, ϕ → ψ, ψ}, but their congruence classes coincide.
Combining Propositions 1.6 and 3. 
Quantale congruences
In the present section we shall use the results of the previous one in order to describe quantale congruences, and their relationship with two-sided quantale ideals and two-sided elements. Then we will characterize semisimple integral quantales, showing that they are exactly the spatial frames and, at the end of the section, we shall describe the quotient of a quantale w.r.t. the congruence generated by a set of pairs, by means of the so-called saturated elements. Such a tool will give us the possibility to obtain information also about the smallest congruence whose ⊥-class is a given ideal. Definition 4.1. Let I be a subset of a quantale Q. I is called a left (respectively:
(ii) x ∈ I and y ≤ x imply y ∈ I, (iii) x ∈ I implies ax ∈ I (resp.: xa ∈ I), for all a ∈ Q.
I is a two-sided ideal or, simply, an ideal if it is both a left and a right ideal.
Another way to see quantale ideals is to consider them as Q-ideals of the free Q-module structures of Q. So left ideals are basically ideals of the left Qmodule Q l and right ideals are ideals of the right Q-module Q r . Then the results achieved so far in this section immediately apply to left and right ideals. For what concerns two-sided ideals, the following Proposition 4.2 can be immediately obtained by adapting the proof of Proposition 3.2. (ii) The ideals of Q are precisely the intervals [⊥, a] with a such that ⊤·a·⊤ = a (that is, a is a two-sided element of Q).
(iii) Every ideal of Q is principal.
According to Proposition 4.2, the principal generators of ideals of a quantale Q are precisely the two-sided elements 2 of a quantale Q; we shall denote by Id(Q) the set of all such elements and, as in the case of modules, we shall also call them ideal elements. We observe explicitly that the unique two-sided element a such that 1 ≤ a is ⊤. Indeed from 1 ≤ a follows ⊤ = ⊤1 ≤ ⊤a = a, and therefore a = ⊤.
The following result readily follows from Theorem 3.8. or, that is the same,
is a quantale congruence and
is, θ i is the largest congruence whose class of ⊥ is the downset of i.
Any element of an integral quantale is obviously two-sided, hence we have the following immediate corollaries. Proof. It suffices to observe that Corollary 4.4 implies that a semisimple integral quantale is isomorphic to a subframe of the frame reduct of a Boolean algebra of type {⊥, ⊤} X for some set X, that is, a spatial frame.
Theorem 4.6. The set Id(Q) of all the ideal elements of a quantale Q is a non-unital subquantale of Q (i.e., it is closed under and ·). It is an integral quantale. Moreover the following are equivalent:
Proof. For any a ∈ Id(Q) obviously a = ⊤a = a⊤. So, for all a, b ∈ Id(Q), ⊤ab⊤ = ab ∈ Id(Q). Now, if Id(Q) is a subquantale of Q then 1 ∈ Id(Q) and therefore 1 = ⊤1⊤ = ⊤, i. e., Q is integral. On the other hand, if Q is integral 1 = ⊤, hence a = ⊤a⊤ for all a ∈ Q and Id(Q) = Q. Last, it is obvious that (c) implies (a).
We conclude this section with a useful description of quantale quotients w.r.t. congruence generated by a given binary relation, by means of the so-called saturated elements. The technique presented here already appeared in [2] , in the contest of unital commutative quantales, and in [15] , for quantale modules, and is quite common in the literature of frames and locales. However, to the best of our knowledge, a complete presentation of the topic for quantales in general has never appeared.
Definition 4.7. Let Q be a (not necessarily unital) quantale, and R be a binary relation on Q, i.e., a subset of Q
2 . An element s of Q is called R-saturated if, for all (a, b) ∈ R and c, d ∈ Q, the following conditions hold:
We shall denote by Q R the set of R-saturated elements of Q.
Remark 4.8. If Q is unital, conditions (ii-iv) of Definition 4.7 are redundant, since they are all immediate consequences of (i). In the rest of this section, in order to keep the presentation reasonably concise, we shall only deal with unital quantales, and therefore only condition (i) will be used. Anyway, all of the results hold for non-unital quantales too, up to a trivial (but somewhat lenghty) extension of the proofs. Proposition 4.9. For any quantale Q and for all binary relation R on it, Q R is closed w.r.t. arbitrary meets. Moreover, for all s ∈ Q R and for all q ∈ Q, both s/q and q\s belong to Q R .
Proof. Let S ⊆ Q R , (a, b) ∈ R, and c, d ∈ Q. We have cad ≤ S ⇐⇒ ∀s ∈ S(cad ≤ s) ⇐⇒ ∀s ∈ S(cbd ≤ s) ⇐⇒ cbd ≤ S.
Similarly, if Q is non-unital, we get a ≤ S iff b ≤ S, whence S ∈ Q R for all S ⊆ Q R . Now let c, d, q ∈ Q, (a, b) ∈ R, and s ∈ Q R . Then
So the assertion is proved.
Proof. Trivially, if s ∈ Q is R ′ -saturated, then conditions (i-iv) of Definition 4.7 hold for all (a, b) ∈ R ′ and, therefore, for all (a, b) ∈ R. Hence s ∈ Q R ′ implies s ∈ Q R . Lemma 4.11. Let Q and Q ′ be quantales, and f : Q → Q ′ a homomorphism with residuum f * : Q ′ → Q and associated nucleus γ = f * • f . Then Q γ coincide with the set of (ker f )-saturated elements of Q.
Proof. First, recall that the properties of residuated maps guarantee that, for all q ∈ Q, γ(q) = max{x
, from which we deduce cbd ≤ γ(q). The inverse implication is completely analogous, hence γ(q) is (ker f )-saturated, for all q ∈ Q, namely, Q γ ⊆ Q ker f . Conversely, let s ∈ Q ker f . Since f (s) = f (f * (f (s))) = f (γ(s)), (s, γ(s)) ∈ ker f and therefore we have s ≤ s iff γ(s) ≤ s, form which we get immediately γ(s) ≤ s. On the other hand, a ≤ γ(a) for all a ∈ Q, hence s = γ(s) ∈ Q γ , and the assertion is proved. Theorem 4.12. Let Q be a quantale, R ⊆ Q 2 , and
Then ρ R is a quantic nucleus whose image is Q R . Moreover, Q R , with the structure induced by ρ R , is isomorphic to the quotient of Q w.r.t. the congruence generated by R.
Proof. By Proposition 4.9, ρ R [Q] ⊆ Q R . On the other hand, obviously, ρ R (s) = s for all s ∈ Q R , and therefore ρ R [Q] = Q R . It self-evident also that ρ R is monotone, extensive, and idempotent w.r.t. composition, i.e. it is a closure operator. So, in order to prove that ρ R is a quantic nucleus, we only need to show that ρ R (a)ρ R (b) ≤ ρ R (ab) for all a, b ∈ Q. Let s ∈ Q R and let a, b ∈ Q. We have
Now, once proved that ρ R is a quantic nucleus, we can consider Q R with its quantale structure induced by ρ R , and we have that the mapping a ∈ Q → ρ R (a) ∈ Q R is an onto homomorphism (that we will still denote by ρ R ). By Lemma 4.11, we get Q/ ker ρ R ∼ = Q ρR = Q R = Q ker ρR . Since R ⊆ ker ρ R , if θ is the congruence generated by R, then θ ⊆ ker ρ R . Denote by p θ the natural projection of Q over Q/θ and by γ the quantic nucleus on Q induced by p θ . Then, by Lemma 4.11, Q θ = Q γ ∼ = Q/θ. Hence, by Lemma 4.10 and the first part of this proof, we obtain Q/ ker ρ R ∼ = Q ρR = Q ker ρR ⊆ Q θ ⊆ Q R = Q ker ρR . The assertion follows.
Next result is an easy consequence of Theorem 4.12. Dually to Theorem 4.3, it points out the smallest congruence associated to a given ideal.
Corollary 4.13. Let Q be a quantale, i ∈ Id(Q), and R = {(⊥, i)}. Then Q R is isomorphic to the quotient of Q w.r.t. the smallest congruence whose ⊥-class is [⊥, i]. In other words, such a congruence is precisely ker ρ R . Now observe that, according to Definition 4.7, given i ∈ Id(Q) and R = {(⊥, i)}, an element s of Q is R-saturated if and only if, for all c, d ∈ Q, ⊥ = c⊥d ≤ s iff cid ≤ s, from which we have that s ∈ Q R iff cid ≤ s for all c, d ∈ Q. On the other hand, since i ∈ Id(Q), we have that cid ≤ ⊤i⊤ = i for all c, d ∈ Q. This means that i ∈ Q R , and s ∈ Q R iff i ≤ s. So we have Corollary 4.14. For all i ∈ Id(Q), the set of {(⊥, i)}-saturated elements of Q is precisely [i, ⊤].
Conclusion
The results of the present work, and especially the ones of Section 4, represent, in our opinion, a step in the direction of a description of the lattices of congruences of quantales. Such a description, on its turn, could be extremely useful for a representation theorem for quantales which could be more handy than the few known ones (see, e. g., [6] and [22] ).
The interest for the relationship between congruences and ideals was actually suggested also by the results of [9] and [20] , and by Example 3.9. Indeed, in the representation of deductive systems by means of quantale modules, consequence relations correspond to module congruences, and the set of theorems of a given deductive system to the congruence class of the bottom element, i. e., to an ideal.
Therefore one can ask which consequence relations definable on a given propositional language do correspond to the congruences defined in Theorem 3.8. During the workshop in honour of Francisco Miraglia, the present author conjectured some relation between such congruences and the consequence relations which satisfy the Deduction and Detachment Theorem. As a remark, Miraglia himself suggested to try to characterize also those congruences which correspond to consequence relations satisfying Craig Interpolation. Both these questions do not have a definitive answer yet, and are currently object of study by the author.
